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Abstract: Microring and microdisk lasers are potential candidates for
small footprint, low threshold in-plane integrated lasers; however, they
exhibit multimode lasing spectra and bistability. Here, we theoretically
propose and experimentally demonstrate a novel approach for achieving
single mode lasing in microring lasers. Our approach is based on increasing
the radiation loss of all but one of the resonant modes of microring res-
onators by integrating second order gratings on the microrings’ waveguide.
We present single mode operation of electrically pumped semiconductor
microring lasers whose lasing modes are lithographically selected via the
second order grating. We also show that adding the grating does not increase
the lasing threshold current significantly.
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1. Introduction
Semiconductor lasers with small footprint, low threshold current, in-plane emission, and mod-
erate output power are highly desirable in photonic integrated circuits, on-chip optical inter-
connects, and short distance optical communication. Microdisk and microring lasers coupled
to bus waveguides possess these characteristics and are promising candidates for such appli-
cations. Several demonstrations of microring and microdisk lasers have been reported [1–15],
but they are generally multimode and suffer from bistable lasing of two degenerate counter-
propagating modes [15–17]. For achieving practical output powers, the radius of a microdisk or
microring laser should be in the tens of microns range. Such a laser cavity has closely spaced
high quality factor modes of different azimuthal orders; therefore, the laser operates in the mul-
timode lasing regime. Furthermore, the existence of two degenerate modes at each resonant
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Fig. 1. Schematic illustration of a microring resonator with a small refractive index pertur-
bation. The perturbation can be replaced with an equivalent volume current.
wavelength leads to bistable lasing in these micro-lasers. Although the bistable behavior can be
useful in designing optical memory devices [18,19], it is generally not a desirable characteristic
for a laser source.
Several techniques have been investigated for breaking the degeneracy and achieving stable
lasing characteristics [20, 21]. Patterning first order gratings on microdisks with small diam-
eters has been shown to increase their radiation quality factors [5]. Such gratings couple the
two counterpropagating modes to each other significantly [22–24] and may scatter some of the
light to radiation modes of larger azimuthal orders which have higher quality factors; however,
they do not affect the quality factors of resonant modes of microrings and microdisks with
large diameters significantly [25]. It has been recently demonstrated that a metallic grating can
be used to decrease the quality factors of different modes of a microring resonator by differ-
ent amounts, and an optically pumped single mode microring laser has been reported using a
metallic grating [21]. Nevertheless, the metallic grating introduces substantial absorption loss
to the lasing mode and increases its threshold power. Recently, we reported single mode lasing
in a microring resonator with a second order grating [26, 27]. Here, we present a detailed theo-
retical analysis and experimental validation which show how a second order azimuthal grating
patterned on the microring reduces the quality factors of all but one of the microring resonant
modes. As we show, the grating will inflict significant radiation loss to all modes with different
azimuthal orders from the azimuthal order of the grating. Furthermore, out of the two degener-
ate modes with the same azimuthal order as the grating, one will radiate significantly while the
low radiation loss of the other one is preserved. As a result, the second order grating patterned
microring or microdisk cavities have only one high quality factor mode. This mode will be the
one that lases when the cavity is pumped.
In section 2, we present a method for analyzing the radiation caused by a small refractive
index perturbation to a microring resonator. Using this method, we estimate the radiation loss
of microring resonant modes in the presence of the index perturbation of an azimuthal grating.
We also present numerical simulation results of a microring resonator with a second order
grating. We present design and fabrication details in section 3, and discuss the measurement
results in section 4.
2. Analysis of radiation from microring resonators with gratings
To estimate the radiation loss modification caused by adding a grating to a microring resonator,
we consider the grating as a permittivity perturbation to the plain microring resonator. As shown
schematically in Fig. 1, a permittivity perturbation to a microring resonator can be modeled as
an equivalent volume current density which is proportional to the product of the electric field
of the microring and the permittivity perturbation (see Appendix A). If we assume that the
perturbation is small and the fields for the perturbed structure can be approximated by those of
the unperturbed structure, then the radiation from the perturbed resonator will be dominated by
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Fig. 2. (a) Radiation resistance of multipole modes. Radiation resistance for the TE and
TM modes of the same polar order are almost equal to each other. (b) Radiation resistance
on a log scale. The radiation resistance values drop fast for l > kR.
the radiation of the equivalent volume current.
To provide an intuitive understanding of how a second order grating causes radiation loss to
different modes of a microring, we use the multipole expansion method. In this method, the
optical waves outside the microring are expanded in spherical coordinates in terms of the fields
of the electric and magnetic multipoles of different orders, which radiate transverse magnetic
(TM) and transverse electric (TE) waves, respectively [28]. The total power radiated by the
equivalent volume current is the summation of the power radiated by each individual multipole
order [28], that is
P=
∞
∑
l=1
l
∑
m=−l
PTMlm +P
TE
lm , (1)
where PTMlm and P
TE
lm are the radiated power into the TM and TE multipoles for the polar and az-
imuthal order (l,m), respectively. Note that the summation starts from l = 1 since the monopole
term only exists for electrostatic fields. As we have shown in Appendix A, for both TE and TM
multipoles, the power radiated can be expressed as
PTM/TElm =
1
2
RTM/TEl I
TM/TE
lm
2
, (2)
where ITM/TElm is the norm of the component of the equivalent volume current that excites the
multipole of order (l,m). ITM/TElm and R
TM/TE
l have the same units as electric current and resis-
tance, respectively. We refer to RTM/TEl as radiation resistance of the multipoles. Equation (2)
resembles the power dissipation relation of a resistor, and it provides an intuitive picture for
the power radiated by a volume current. According to this picture, any volume current can be
expanded as a superposition of orthogonal components that excite different multipoles plus a
component that does not radiate (see Appendix A for details). The total radiated power is the
summation of the powers radiated by each multipole. The power radiated by each of these
modes is related to the strength of excitation of that multipole (i.e. norm of the corresponding
current component in the expansion), and a radiation resistance. For equal excitations, multi-
poles with large radiation resistance radiate more than the ones with small radiation resistance.
Note that radiation resistance depends only on the polar order of the multipole (l) and is
independent of its azimuthal order (m) (see Appendix A). The radiation resistance of multipole
modes as a function of l is shown in Fig. 2(a). In this figure, kR= 225 where k is the wavenum-
ber in vacuum, and R is the radius of the smallest sphere that encloses the microring resonator.
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(a) (b) (c)
Fig. 3. (a) Schematic illustration of a microring resonator with an azimuthal grating. (b)
Electric field distribution of the non-radiating and (c) radiating resonant modes with the
same azimuthal order as the grating. The insets in (b) and (c) show the zoomed in views of
the simulations and the locations of the electrical field nodes and antinodes with respect to
grating indentations.
The same plot is presented using a semi-log scale in Fig. 2(b). As can be seen from Figs. 2(a)
and 2(b), the radiation resistance has a cut-off value around l = kR, and modes with l > kR
radiate inefficiently. Finally, we note that in the modal expansion the azimuthal order is limited
to |m| ≤ l. Therefore, a current density with large azimuthal order (i.e. |m| large compared to
kR) does not radiate efficiently because l ≥ |m| > kR, while a current density with small m
might radiate significantly. This is the main conclusion of this analysis. It gives us an intuitive
understanding of the radiation characteristics of a microring with an azimuthal grating.
Now we consider a microring resonator integrated with a grating with azimuthal order M as
shown schematically in Fig. 3(a), and study the grating induced radiation loss of its resonant
modes with azimuthal order m. As we mentioned earlier, the equivalent current density is pro-
portional to the product of the electric field of the plain microring (i.e. the microring without the
grating) and the permittivity perturbation; therefore, the current density has azimuthal harmon-
ics with orders m−M and m+M. For modes close to the m=M mode, m−M is a small number
and the m−M azimuthal order component of the volume current radiates significantly; as a re-
sult, the quality factors of these microring modes are reduced. The only exception happens for
one of the standing resonant modes of azimuthal order m = M whose electric field is shifted
by λ/4 compared to the first harmonic of the periodic permittivity perturbation that defines the
grating (see Fig. 3(b)). Assuming the first harmonic of the grating permittivity perturbation has
the φ dependence in the form of cos(Mφ ), the peak of the electric field of the non-radiating
mode is shifted by λ/4 and has φ dependence in the form of sin(Mφ ). Thus, the equivalent
volume current density for this mode is proportional to sin(Mφ)× cos(Mφ) = 1/2sin(2Mφ)
which has zero amplitude for the harmonic at m−M = 0; therefore, its radiation quality factor
is not affected by the grating.
To confirm that adding a second order grating reduces the quality factors of all modes of a
microring resonator except for one, we performed numerical simulations using Finite Element
Method (FEM), and found the resonant modes of a 2D microring resonator integrated with
a second order grating. Figure 3(a) shows a schematic illustration of the simulated device.
The outer microring radius is 2.345 µm, the waveguide width is sinusoidally modulated and
varies between 340+d nm and 340-d nm where d is the indentation depth in nanometers. The
refractive index of the microring waveguide’s core and cladding are assumed to be equal to 2
and 1, respectively. The azimuthal order of the grating was chosen to be M=25 such that the
microring resonance with azimuthal order m=M has a wavelength of approximately 985 nm.
The electric field distributions for the non-radiating and radiating modes of the microring are
shown in Figs. 3(b) and 3(c), respectively. The log-scale amplitudes of the electric fields for
a few modes close to the m = M mode are shown in Fig. 4(a). In Fig. 4(a), for each value of
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(a)
(b)
Fig. 4. (a) Simulated logarithmic scale electric field amplitudes of resonant modes of a
microring with second order grating at their corresponding resonant wavelengths. ∆m=
m−M represents the difference between the azimuthal order of the mode and that of the
grating. Notice that for each value of ∆m there are two modes in each column due to the
two originally degenerate modes of the plain microring. (b) Radiation loss of the modes
presented in (a) as a function of grating indentation depth.
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Fig. 5. (a) Epi-layer structure used for fabrication of a single mode microring laser. (b)
Dependence of the radiation quality factor and bending loss on the etch depth into the
GaAs core. Location of the quantum well (QW) is represented by a vertical dotted line in
(b).
∆m=m−M, two electric field amplitude patterns are shown. These two patterns arise because
the plain microring had two degenerate modes for each m, i.e. the clockwise mode and the
counterclockwise mode or equivalently, the sin(mφ) and the cos(mφ) standing wave modes in a
different basis. The two patterns for the grating integrated microring with the same value of ∆m
are shown in the same column. As expected, the radiation patterns show dominant azimuthal
dependence of order ∆m, and one of the modes with ∆m = 0 radiates significantly less than
the others. For each nonzero value of ∆m, there are two degenerate modes that differ only by a
rotation. The radiation loss versus the grating indentation depth of the modes shown in Fig. 4(a)
are computed from the quality factors of these resonant modes, and are presented in Fig. 4(b).
For a plain microring (zero grating indentation depth), all the modes have a small radiation
loss and the lasing wavelength of a microring laser will be determined by the peak of the gain
spectrum. As the indentation depth increases, the radiation losses of all but the main resonant
mode increase significantly. For 30 nm indentation depth, the radiation losses of all other modes
are larger than 40 cm−1, which is sufficient for single mode operation of the grating-integrated
microring laser.
3. Design and fabrication of single mode microring lasers
As a proof of principle, we designed and fabricated plain microring lasers and microring lasers
with second order gratings using the epi-layer structure shown in Fig. 5(a). The active layer
is a single 8 nm In0.2Ga0.8As quantum well (QW) in the middle of a 160 nm GaAs core re-
gion. There is a 5 nm In0.49Ga0.51P layer above the core. That layer was used as a wet etch
stop in another project, but is undesirable here. Top and bottom claddings are 500 nm and
1 µm of Al0.8Ga0.2As, respectively. The contact layer is 100 nm thick highly doped GaAs
and is grown on the top cladding layer. The waveguide width of 1.1 µm, internal microring
radius of Rin=34.5 µm, and etch depth of 650 nm, i.e. 50 nm into the core, were chosen to
minimize bending loss while avoiding etching through the QW which can cause non-radiative
surface recombination. The dependence of the bending loss on the etch depth into the core
layer is presented in Fig. 5(b). The bending loss is computed from the radiation quality factor
of the microring resonant modes, which were found using FEM simulations. A second order
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(a) (b)
1
Fig. 6. (a) Schematics of the microring with a second order grating. (b) Scanning electron
micrograph of the oxide mask used for etching the device. The inset shows a zoomed in
view of the microring waveguide.
sinusoidal grating was created on the microring waveguide by sinusoidally modulating the mi-
croring waveguide’s width by ±200 nm (as shown in Fig. 6(a)) such that the waveguide width
varies between 900 nm and 1300 nm. The 400 nm indentation depth is larger than what we
found in 2D simulations presented in section 2 because the waveguide width is larger for the
3D device. Since the device uses a second order grating, an integer multiple of lasing wave-
lengths (also equal to the grating’s azimuthal order M) must fit along the circumference of the
microring: Mλ/neff = 2piRin, where neff is the effective index of the microring’s waveguide
mode found using FEM simulations. For the given radius of 34.5 µm, the choice of M=724
was made to approximately obtain the desired lasing wavelength of λ=985 nm. Note that if neff
varies due to changes in temperature or carrier density, the lasing wavelength will continuously
track it, i.e. the laser will tune without mode hopping according to λ = 2piRinneff/M. The cou-
pling gap between the microring and the bus waveguide was set to 50 nm to achieve large out
coupling from the microring to the bus waveguide. To further increase the coupling, a section
of the bus waveguide was bent around the microring as shown schematically in Fig. 6(a). The
microring and the bus waveguides are not phase matched due to the presence of the grating on
the microring and the difference in the radius of curvature of the waveguides. By changing the
width of the bus waveguide, the two waveguides can be phase matched and the same coupling
can be achieved using a larger coupling gap.
To fabricate these devices, we deposited 200 nm of SiO2 on a sample with the epi-layer
structure shown in Fig. 5(a). The device pattern was written using electron beam lithography
on a positive resist (ZEP 520A-7). The pattern was transferred from the resist to the SiO2 layer
using dry etch in a 3:1 mixture of CHF3 and CF4. Figures 6(a) and 6(b) show the schematics of
the device and a scanning electron micrograph of the patterned SiO2 layer. The patterned SiO2
was used as a hard mask for etching GaAs/AlGaAs epitaxial layers using inductively coupled
plasma reactive ion etching in a mixture of SiCl4, hydrogen, and argon. The etched surface was
planarized by spin coating bisbenzocyclobutene (CYCLOTENE 3000 from Dow chemicals),
curing it, and performing etch back in a mixture of CF4 and O2 plasma. Next, separate contact
pads were deposited for injecting currents into the bus waveguides and the microrings. Finally,
the backside of the GaAs substrate was lapped and polished and the backside contact metals
were deposited.
4. Measurement results and discussion
The devices were pumped by injecting quasi continuous wave (quasi-CW) pulsed current with
2 µs pulse width and 10% duty cycle. The 450 µm long bus waveguide section on the output
side of the microring was pumped with 50 mA of current while the 450 µm long segment on the
#231409 - $15.00 USD Received 26 Dec 2014; revised 6 Feb 2015; accepted 6 Feb 2015; published 20 Feb 2015 
© 2015 OSA 23 Feb 2015 | Vol. 23, No. 4 | DOI:10.1364/OE.23.005335 | OPTICS EXPRESS 5342 
23 24 25 26 27 28
0.2
0.4
0.6
0.8
1
Current (mA)
Po
w
er
 (a
.u
)
(a)
(c) (d)
(b)
970 980 990 1000
−30
−20
−10
0
Wavelength (nm)
Po
w
er
 (d
B)
Fig. 7. (a) Output power versus current curve of a grating integrated microring laser with
a grating with azimuthal order of M=724. (b) Optical spectra of two grating integrated
microring lasers at the same injection currents of 27.5 mA. The azimuthal order of the
grating is M=724 for the blue curve, and M=720 for the red curve. (c) Spectra of a microring
laser without a grating, and (d) with a grating with azimuthal order of M=724 at different
injection currents.
other side was unpumped to prevent lasing in the Fabry-Pe´rot cavity created by the bus waveg-
uide. The measured L–I curve for a device with a grating order of M=724 is shown in Fig. 7(a).
At low microring currents, the measured power is dominated by the spontaneous emission in
the bus waveguide and is nonzero at zero bias current of the microring. The spectrum of the
device (lasing peak around 985 nm) along with that of another device with M=720 at same
injection current of 27.5 mA are shown in Fig. 7(b). As expected, the lasing wavelengths of
the two devices are separated by four times the microring’s free spectral range, and the lasing
wavelengths are selected by the azimuthal orders of the gratings. The lasers with the grating
azimuthal orders of M=724 and M=720 have threshold currents of 25.4 mA and 25.9 mA, re-
spectively. By changing the current injected into one side of the bus waveguide, we confirmed
that the shape of the spectra is independent from this current and even at zero bus waveguide
injection the lasing peak exists; therefore, the emission peak is due to lasing in the microring
cavity. The bias voltage for the device with M=724 was approximately 4 V at the bias current
of 27.5 mA. The relatively large voltage is mainly due to the presence of the InGaP layer. The
measured average laser power coupled to a multimode fiber was 5.4 µW. Considering the 10%
duty cycle of the pump current, this corresponds to approximately 0.05% wall plug efficiency.
The efficiency can be greatly improved by phase matching the microring and bus waveguides
to improve the out coupling of power from the microring.
To demonstrate the effect of the second order grating, the spectrum of a microring laser
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without the grating was measured at different microring bias currents and is shown in Fig. 7(c).
The measured spectra of the grating integrated device with M=724 is shown in Fig. 7(d) for
comparison. Other than the grating, all device parameters are the same between the two de-
vices. As can be seen from Fig. 7(c), the microring laser without the grating starts lasing in
the multimode regime while the one with the second order grating exhibits single mode lasing
spectra. The threshold current of the microring laser with the grating (Ith=25.4 mA) was slightly
higher than the laser without it (Ith=24.3 mA), which might be due to a small difference in the
sidewall roughness. We did not observe power saturation or mode hopping in the lasers with
gratings, but the side mode suppression was decreased by approximately 3 dB for the device
with lasing wavelength around 985 nm when the pump current was increased from 27.5 mA
to 30 mA. Also, the lasers with and without gratings showed comparable output power in this
range of current. Due to excessive heating, both devices with and without the grating did not
survive pump currents more than approximately 30 mA, even in quasi-CW pulsed mode. We
were unable to observe CW lasing due to the additional rise in temperature for CW operation.
Removing the InGaP layer will greatly reduce heat generation in the device, while mounting
the laser epi-side down on a heat sink will greatly improve heat removal. The main sources of
optical loss in the microring cavity are the roughnesses of the sidewall and of the etched planar
surface due to the dry etch process since these etched surfaces are close to the waveguide core.
Optimizing the waveguide layer design and the dry etch process and coating the etched surface
with a layer of silicon nitride are expected to reduce these sources of loss.
In conclusion, we presented a novel approach for making single mode lasers by engineering
the radiation quality factors of the laser cavity modes. This approach is fundamentally different
from the conventional method of achieving single mode operation by modifying the mirror
loss of different modes as in distributed Bragg reflector (DBR) lasers, or the group velocity
as in distributed feedback (DFB) lasers. We showed that integration of gratings on microring
laser cavities enables small footprint single mode lasers with lithographically defined emission
wavelengths. We expect further reduction of the threshold current and increase of the output
power by optimizing the device design and the fabrication process.
Appendix A: Analysis of radiation from a microring resonator with a permittivity pertur-
bation using the multipole expansion method
Here we show that a permittivity perturbation to a microring resonator can be modeled as an
equivalent volume current density, and that the radiated power is given by Eq. (2). We assume
that the microring is pumped and the mode of interest at frequency ω has enough gain for
lasing. At this resonant frequency, the electric and magnetic fields satisfy Maxwell’s equations
∇×E =− jωµ0H, (3a)
∇×H = jωε0εrE+J, (3b)
where εr is the spatially varying relative permittivity of the plain microring and J is the equiv-
alent current density which is defined as
J = jωε0(εrp− εr)E, (4)
and εrp represents the spatially varying permittivity of the perturbed microring (as shown in
Fig. 1).
We assume that the microring radiates in free space and the smallest sphere that encloses
the microring and the permittivity perturbation has a radius of R. We choose the coordinate
system’s origin at the center of the microring, and its z axis perpendicular to the plane of the
microring. With these assumptions, the current is nonzero only over the region occupied by
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the perturbation, which is enclosed by the virtual sphere. Outside of this sphere, the fields are
a solution to the source free Maxwell’s equations and can be expanded in terms of fields of
multipoles as [28]
E =
∞
∑
l=1
l
∑
m=−l
almETMlm +blmE
TE
lm , (5a)
H =
1
η0
∞
∑
l=1
l
∑
m=−l
almETElm −blmETMlm , (5b)
where ETMlm and E
TE
lm respectively represent the electric fields of the TM and TE multipole of
order (l,m) whose analytical expressions are presented in Appendix B. The coefficients alm and
blm in Eqs. (5a) and (5b) are the coefficients of the transverse magnetic (TM) and transverse
electric (TE) multipoles, respectively, and can be obtained by projecting the volume current
density onto an orthogonal vectorial set [29]
alm =
∫
V
J ·U∗lmdv, (6a)
blm =
∫
V
J ·V∗lmdv, (6b)
where V represents the volume of the virtual sphere, and Ulm and Vlm are vector functions
given analytically in Appendix B. It can be verified that Ulm and Vl′m′ are mutually orthogonal,
that is ∫
V
Ulm ·V∗l′m′dv= 0, (7a)∫
V
Ulm ·U∗l′m′dv= δll′δmm′ ||Ulm||2, (7b)∫
V
Vlm ·V∗l′m′dv= δll′δmm′ ||Vlm||2, (7c)
where δi j is the Kronecker’s delta function which is nonzero only when i = j and in this case
it is equal to 1. ||Ulm|| and ||Vlm|| are the L2 norms of Ulm and Vlm, respectively. These norms
are independent of m and are given in Appendix B. It should be noted that although Ulm and
Vlm constitute a set of mutually orthogonal vectorial functions, they do not form a complete
set. Therefore, we can write the volume current density J as the summation of two parts: its
projection on the space spanned by Ulm and Vlm, and a part which is orthogonal to this space,
that is
J =
∞
∑
l=1
l
∑
m=−l
(
alm
Ulm
||Ulm||2 +blm
Vlm
||Vlm||2
)
+J′
=
∞
∑
l=1
l
∑
m=−l
(JTMlm +J
TE
lm )+J
′, (8)
where J′ is orthogonal to Ulm and Vlm∫
V
J′ ·
{
U∗lm
V∗lm
}
dv= 0. (9)
J′ is the non-radiating part of the equivalent current density. The fields generated by J′ vanish
at any point outside the sphere volume V , and J′ excites neither TM nor TE waves outside of
the sphere. More discussion on non-radiating current densities can be found in [30].
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The total radiated power can be found using Eqs. (5a) and (5b) by integration of Poynting’s
vector [28]
P=
Z0
2k2
∞
∑
l=1
l
∑
m=−l
|alm|2 + |blm|2 =
∞
∑
l=1
l
∑
m=−l
PTMlm +P
TE
lm , (10)
where Z0 is the impedance of free space.
Using Eqs. (8)–(10), we can relate the radiated power of each mode to the norm of the
component of the volume current density corresponding to that mode as
PTM/TElm =
1
2
RTM/TEl I
TM/TE
lm
2
, (11)
where we have defined
ITM/TElm
2
, λ
∫
V
|JTM/TElm |2dv, (12a)
RTM/TEl ,
η0
2pik
×
{ ||Ulm||2 for TM
||Vlm||2 for TE . (12b)
Appendix B: Analytical expressions for multipole expansion
In this appendix, we present analytical expressions for the basis functions of the fields and for
the volume current density for the multipole expansion. The basis functions for the TM and TE
electric fields are given analytically as
ETMlm =
− jη0
k
√
l(l+1)
∇×
(
h(2)l (kr)LY
m
l
)
, (13a)
ETElm =
η0√
l(l+1)
h(2)l (kr)LY
m
l , (13b)
where h(2)l (·) is the spherical Hankel function of the second kind. Yml (θ ,φ) are the spherical
harmonics
Yml (θ ,φ) =
√
2l+1
4pi
(l−m)!
(l+m)!
Pml (cosθ)e
− jmφ , (14)
where Pml (·) is the associated Legendre polynomial, and L is the orbital angular momentum
operator which is defined as
L = jr×∇= − j
sin θ
∂
∂φ
θˆ + j
∂
∂θ
φˆ . (15)
The basis functions for the volume current expansion are given analytically as
Ulm ,
k√
l(l+1)
∂
∂ r
(rjl(kr))∇Y
m
l +
k
√
l(l+1)
r
jl(kr)Y
m
l rˆ, (16a)
Vlm ,
jk2√
l(l+1)
jl(kr)∇Y
m
l × r. (16b)
Their corresponding norms can be found via integration as
||Ulm||2 = kpi2
∫ kR
0
l(l+1)J2
l+ 12
(u)+
(
uJl− 12 (u)− lJl+ 12 (u)
)2
u
du, (17a)
||Vlm||2 = kpi4 (kR)
2
(
J2l+ 12
(kR)− Jl+ 32 (kR)Jl− 12 (kR)
)
. (17b)
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